. By combining these we thus obtain new sufficient conditions for Brown's formula. These conditions are simpler to verify than You's. We investigate the hypotheses of You's theorems giving conditions under which they hold. In the process we develop product formulae relating relative and absolute Nielsen numbers, together with corresponding results for Reidemeister numbers.
We also make use of the concept of nilpotent homomoφhism, which gives some of the new results mentioned above and simplifies further proofs in this area.
Although our main interest is topological, we introduce our sequence in section one, at the algebraic level in the category of groups. This separation of algebraic from topological considerations allows a simple formulation of the concepts involved. The role of nilpotent and eventually commutative homomoφhisms is discussed here. In section two we introduce consistent with the relative (or H) Reidemeister number R H (f), of a self map / of a compact connected ANR X. This number, being an easy generalization of the absolute case, is seen to be independent of various choices and to be greater than the number of //-Nielsen fixed point classes of/. For computational purposes R H (f) is also compared with Reidemeister numbers of homomoφhisms induced on homology. In section three the //-Nielsen number is defined following [16] and [20] . The bijections of section two are then seen to preserve this number. The Jiang subgroup is introduced at this point in order to give a condition which allows product formulae comparing R fj (f) or N H (f) with the ordinary Reidemeister or Nielsen number. This condition was inspired by [12] . Section four gives the central theorem and our main results. Our method of proof needs a result [10] on locally equiconnected spaces in order to ensure we can choose translation functions to be base point preserving. This is the key to our simplification.
At times our methods overlap with You's. At such places we either sketch proofs or omit them, referring the reader to [20] . Jiang [12] has redone much of You's work in the context of covering spaces, so our results also overlap with Jiang's. Details and acknowledgements are given in the text. Special thanks are due to R. F. Brown whose help and encouragement interested me in this subject, and also to S. Wilson, P. J. Higgins, M. A. Armstrong and other friends at Durham for much help with exposition.
The algebra of Reidemeister operations. Let G be a (not neces-
sarily abelian) group and/: G -> G a homomoφhism. We write composition in G additively. Let 1 -/: G -> G denote the function defined by (1 -/)(g) = g ~ /(g); then by a slight abuse we write the set of orbits of the operation as
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Coker(l -/) with elements [g] for g ^ G. To motivate this somewhat bizarre notation, we observe that if j: G -» Coker(l -/) has j(g) = [g], then jig^ = j(g 2 ) if and only if there isagEG with g λ = g + g 2 -/(g), and there is then an exact sequence (with the obvious base points) (1. 2) 0 -> Fix / -> G^G ^> Coker(l -/) -> 0, of groups and based sets, where Fix / is the subgroup of G consisting of those g for which g = /(g). We warn the reader that since 1 -/need not be a homomorphism, Coker(l -/) need not be the quotient of G by a subgroup.
The order #Coker(l -/) of the orbit set is called the Reidemeister number of/and is written R(f). Dispite the fact that 1 -/need not be a homomorphism, we still have, from the properties of the action in 1. [12] for G the fundamental group of a space.
We say that f:G-*G is nilpotent if for some positive integer n 9 f n : G -> G is the trivial homomorphism. Proof. Let g e Fix /, then g = /(g) = f n (g) = 0. Let geG, then by Proof. The result can be proved by arranging sequences of the form of 1.2 for /1i/,/and/on a grid and using those of type 1.7 to connect them. The first and last three terms fall out easily. That the boundary is well defined is an easy consequence of the definition of the orbit set Coker(l -/). Alternatively, the theorem is a direct application of [9; Theorem 2.5] from which it was inspired.
• The function q*: Coker(l -/) -> Coker(l -/) in 1.8 is surjective so It would clearly be interesting to have a product formula involving R(f \H) 9 R(f) and R(f) (see 1.15). Let g e G, then the Reidemeister operation of / on G induces an operation (on the left) of H on H + g by restriction, let Orb(7/ + g) denote the orbits of this operation with 
is exact (see for example [17] 
Proof. For the first part we apply 1.11 and 1.13 to the obvious morphism of 1.14 induced by/. For the second part we observe that if /is eventually commutative, then so are/and/|/ί and the sequence of 1.8 is an exact sequence of groups. The result follows easily. D
We conclude this section with a condition inspired by [5] which gives Proof. Let g e Fix /, then/(σ(g)) = σ(g'), for some g' e G. Now
We remark that the proof of 1.17 defines a section to q*\ Fix/-> Fix/.
2. Estimation of //-Reidemeister numbers. Let X be a compact connected ANR, ΠI the fundamental groupoid of X (cf. for example [19] ) and H^X, x) the fundamental group of X at x, i.e. the vertex group of ΠI at x G X Composition in ΠX will be written as addition, λ + μ meaning first λ then μ. We say that H is a normal subgroupoid of TίX written H<TίX if H is a subgroupoid of ΠX, with a vertex group H = H(x) for each xGl, such that for each path ω: x -* y 9 we have ω + H(y) -ω = #(x). We call Ob ΠX, the objects of ΠI, the trivial normal subgroupoid of ΠX The reader should be warned that the condition of being a normal subgroupoid is slightly more general than requiring that H(x) is a normal subgroup of Π 1 X for each xeX A map /: X -> X is said to preserve /f <3ΠX if for each x e X /*: Π X (X, JC) -> Π X (X,/(*)) restricts to a homomorphism f*\H: H(x) -» H(f(x)). Choose xelasa base point and ω: x -> f(x) an element of ΠX (We shall frequently not distinguish between a.path ω: x -» f(x) and its path class in ΠX)
We start this section by defining the //-Reidemeister number of/and showing it is independent of various choices made. Some of the bijections involved here are seen to be special cases of ones found in [20] . These simplifications are used later in our approach. DEFINITION 2.1. Given X, //, /, x and ω as above, an H-Reidemeister operation of / on X is the Reidemeister operation of the induced homomorphism
where f% /H is given by f% /H (H + λ) = H + ω + /*(λ) -ω. The #-Reidemeister number of /, written R #(/), is the Reidemeister number of /*///, i.e. the order of the orbit set Coker(l -f% /H ) of the i/-Reidemeister operation of / on X described above. This definition is equivalent to one given in [12] .
To show R H (f) is well defined, we exhibit two bijections, one associated with the choice of path class μ from x tof(x) in ΠX, the other associated with change of base point x e X Proofs are left to the reader.
denote the set of fixed points of/: X -> X, and let x e Φ(/). By abuse of notation, we denote the constant path class O x by x. Composing u* and r in 2.3 and 2.2 we have:
• Following McCord [16] and You [20] we define an equivalence relation on Φ(/). Let x, y e Φ(/), then x is said to be H-Nielsen-equiυalent to >\ If there is a path λ: x -* y in ΠI with λ -/(λ) G i/(x). We write Φ#(/) for the set of //-Nielsen equivalence classes with elements F = F^. If H is trivial, we write Φ'(/) for Φ^(/), the usual Nielsen classes of/. It is clear that each iZ-Nielsen class is a union of (ordinary) Nielsen classes and it follows ([1]) that Φ^(/) is finite.
Let ω: x ->/(x) in ΠI be given and c: x -> x' be a path where
. We see that the definition of p = ρ(ω, c) involves choices. If ω and μ are as in 2.2, and x' e F, and c: x -> x' are given then where i here is the usual fix point index on compact ANR's (cf. [3] ). Any
Nielsen class F e Φ'(/) has this property, so any //-Nielsen class does; and the index of an //-Nielsen class in Φ(/) is well defined. Let ^H{f) denote the subset of Φ#(/) of these fixed point classes whose index is non-zero. Proof. This essentially boils down to the compatibility of p with r, w*, and uζ (see 2.5) . D
Let G: f ^ g: X -» X, where /*(//) c //. Let G(x) denote the path class given by G(x)(t) = G(x, t).

PROPOSITION 3.3. There is an index preserving bijection G # : Coker(l -f% /H ) -Cokerfl -g given by G # [H + a] = [H + a]; hence, R H (f) = R H {g) and N H (f) = N H (g).
Proof. Let q: X H -> X be the covering space of X associated with H(x). Then X H has elements H + λ for λ: x -> y in ΠI. Let \λί\ H f denote the set of continuous lifts of/to X H . lί ω: x -> f(x) is in ΠI, then there is a unique lift/ ω of/determined by f ω (H) = H + ω. Thus a choice of ω gives a "base point" to Liίt H f. Identifying Π^X, x)/H with the group of deck transformations of q, we see that the set {(// + a)° f ω \H + α e Π^X, x)/H) exhausts Lift^/and that the set Lift^/of conjugacy classes (under conjugation by elements of Tl λ (X, x)/H) is in bijective correspondence with Coker(l -f* /H ). This bijection takes the class of (// + α)o/ ω to [// + α]. We note that if (x) and the result follows from standard techniques (cf. for example [12, Theorem 1.4.5] ). D
can be redefined as i[H + α] = i(qΦ((H + α)°/ ω )). It is now easy to see that the homotopy G lifts at (H + a)°f ω to a unique homotopy G: (H + α)°/ ω = (H + α)° g ω+G
The proof of 3.3 is useful in that it indicates a formal way to tie together the fundamental group and the covering space approaches to Nielsen Theory.
The following Lemma is analogous to [12, Theorem 3.2.6] . LEMMA 
Let H<UX, ΪΪ<UX, let f: X -> X, g: X -* X be continuous functions with f*(H) c H and g*(H) c H. Then for ω: x -» gf(x) in ΠI, the function /*: Coker(l -gf% /H ) -> Coker(l -fgζ% ] ) given by f*[H + a] = [H + /*(«)], is an index preserving bijection, hence R H (gf)
Proof. Since f(gf) = (fg)f we see as in 2.9 that /* above is well defined. given by.
Since [H + a] = [H + g*/*(«)] in Coker(l -gf% /H ) 9 the inverse of /* is g*. It is also easy to see that / induces bijections /*: Φ(gf) -> *(/g) and /*: Φ' H (gf) -+ Φ' H (fg); so if Φ(gf)
Proof. h Ώ is the composite
For the rest of this section we investigate the relationships between R H (f) and R(f) on the one hand, and between N H (f) and N(f) on the other. Here/: X ^ X,H<UX, and/preserves H.
Let x e Φ(/), then we have by hypothesis, an exact sequence
where j x is the inclusion and q x the projection. Furthermore, / induces a homomorphism of 3.7; so by 1.8, there is for each x e Φ(/) an exact sequence We translate a proposition of Jiang [12; Theorem 3.2 .11] into our context. PROPOSITION 
(Jiang). If f*(H) c /(/), then any two ordinary fixed point classes contained in an H-fixed point class have the same index.
Proof. We refer to 3.8 We need another result of Jiang ([12; Lemma 2.3.7] ). PROPOSITION 
(Jiang). /(/) c Zί/^Π^): I^X). Here Z(H, G) = {g <Ξ G with g + h = h + gfor all h ^ H) is the centralizer of H in G. Ώ COROLLARY 3.12. If the quotient R(f*\H(x))/[Fixfl /H : qFixfl] is independent of x in any essential fixed point class off, and iff^(H) c /(/) then [Fixfί /H : q(Fixfi)]N(f) = R(f m \H)N H (f).
Proof. If f*(H) c /(/), then by 3.11 f*\H is eventually commutative and R(f*\H) has a group structure with δ of 3.8 a homomorphism (to prove this compare 3.8 with the corresponding sequence deduced from H x of 3.7); so Kerql has order R(f*\H)/ [Fixfl /H ; qFixfi] . By the independence condition, it is enough to show that for any [λ] (
ii) Iff+\H is nilpotent, then N(f) = N H (f).
Proof. If /is eventually commutative, g£, can be regarded as a group homomorphism so each of the fibres of q% in 3.8 has the same cardinality. As in 3.12, KQTq% has cardinality R(f *\H(x))/[Fix f% /H ; q Fix/*] and the first result follows. If f*\His nilpotent, then by 3.8 for each x G Φ(/), we have R(f 4t \H(x)) = 1 = [Fix/£ //7 ; # Fix/*], and the second result follows from 3.12.
D If for each x e Φ(/), 3.7 has a normal splitting preserved by /*: Π^X, x) -> Π^AΓ, x) (cf. 1.15) we say/splits normally over H. We remark again that /eventually commutative will yield i?(/* \H(x)) independent of x e Φ(/) If X is the total space of a fibration q: X -» B with H = Π λ F h where F b is the fibre, then by Gottlieb [7] , /*(#) c /(/) (see also the proof of 4.7). The condition JV(//>) =£ 0 then implies that N(f h ) = R(f*\H) and 3.14 gives some well known result. One condition which ensures that/splits normally over H is that Π^ X)/H is all torsion and H is torsion free. There is no fibration assumption needed in this latter situation. Corollary 3.14 was, of course, inspired by [5] from which other conditions for/to split normally over H can be deduced. By analogy with the results of section three, we will want to know when the number [Fix /*;/?* Fix /J] is independent of x, when N κ (f h ) is independent of b, and in view of You's Theorem ([20; Theorem 5.6] ), we will want to know when the former number is one and the latter number equal to N(f b ). This is because these are the necessary and sufficient conditions for Brown's formula to hold.
We shall need the following. 
. We note that 4.4 essentially allows us to choose base points in the fibres in advance with Tbase point preserving.
LEMMA 4.5 (see [8] Proof. The independence conditions follow from iterations of the diagram in 4.5. D
The fibration p is said to be orientable if, for any two paths λ, μ:
This condition is easily seen to be equivalent to: for any loop λ:
Part (i) of the next corollary is due to You [20; p. 235] . (iv)//#(/) = 1.
Proof. If p is orientable, we can replace τy= (j i ) by T-in diagram 4.5, then apply 3.6. Gottlieb in [6] shows that the image of δ: 
is commutative where (τ 5 ) D is defined as in 3.6 using the explicit homotopies mentioned above. To see this, we merely observe that properties of our lifting functions ensure that for any loop d at x in F h , and any loop u: The reader will note that (τ β ) D is a simplified form of the transformation 7^ of [20] ; we have developed sufficient machinery to indicate below the proofs of the following two propositions (4.10 is part of [20; Corollary 3.4] ) in our notation. PROPOSITION 4.10 . // in the situation of 4.3, [σ] 
so we have
Proof. Transformations of the type shown in 4.8 used in combination with fibre homotopies can be used to reduce 4.11 to the case where [μ] = 0 and B is a finite polyhedron with / having only isolated fixed points. The result then follows from a known result (cf. [3] ) involving the index in the total space being the product of indices in the fibre and base. This is exactly the technique of You. D The hypotheses of 4.12 are fulfilled if p is orientable (4.7) and / is eventually commutative; with these hypotheses 4.12 is then exactly Corollary 5.9 of [20] . COROLLARY 
(You). If p is orientable, then N(f) = N(f h )N(f) if and only if
(ii) For each x e F e E(/), [Fix /£<*>; /?* Fix /* ] = 1. D
We shall investigate 4.13 (i) and (ii) separately. The next definition and example generalize 2.1 and 2.9 of [5] . The fibration p: E -> B admits a fibre splitting mod K with respect to f if for each x e Φ(/), the sequence 4.2 has a normal splitting preserved by/*. 
